We determine the smallest minimal blocking sets of Q + (2n + 1, 3), n ≥ 4.
Introduction
Let Q + (2n + 1, q) denote the non-singular hyperbolic quadric of the finite projective space PG(2n + 1, q). This quadric is an example of a classical polar space. The subspaces of PG(2n + 1, q) of maximal dimension completely contained in Q + (2n + 1, q) are called generators; they have dimension n. An ovoid of Q + (2n+1, q) is a set O of points of Q + (2n+1, q) such that every generator meets O in exactly one point; it contains q n + 1 points. Any hyperplane of PG(2n + 1, q) which is not a tangent hyperplane intersects Q + (2n + 1, q) in a non-singular parabolic quadric Q(2n, q). Also this quadric is an example of a classical polar space, its generators have dimension n − 1, and an ovoid contains q n + 1 points.
It is known that Q + (7, q) has ovoids when q is prime or q ≡ 0 or 2 mod 3, we refer to [13] for a list of references. Furthermore, from [2], Q + (2n + 1, q), with q = p h , p > 2 prime, has no ovoids if
By this formula, no ovoid of Q + (7, q) is excluded, while ovoids of Q + (9, q), for q = 3, are excluded. Furthermore, since any ovoid In this paper, we determine the smallest minimal blocking sets of Q + (2n + 1, 3). In order to state the result, we need the notation of a truncated cone. Suppose that α is a subspace of PG(2n + 1, q) and O an arbitrary geometric object lying in some subspace π such that α ∩ π = ∅. The cone αO with vertex α and base O is the union of the spaces α, p , p ∈ O. The truncated cone α * O is obtained by removing the points of the vertex α of the cone αO. When α is the empty subspace, α * O is by definition the set O. We will prove the following theorem.
Theorem 1 Suppose that K is a set of points of Q + (2n + 1, 3) , n ≥ 4, |K| = 3 n + 1 + r, 1 ≤ r < 3 n−3 , and such that every generator of Q + (2n + 1, 3) meets K in at least one point. Then |K| = 3 n + 3 n−3 and K is a truncated cone π * n−4 O, π n−4 an (n − 4)-dimensional subspace, π n−4 ⊂ Q + (2n + 1, 3) and O an ovoid of Q(6, 3) ⊂ Q + (7, 3), Q + (7, 3) the base of the cone π ⊥ n−4 ∩ Q + (2n + 1, 3).
In Sect. 3 we will prove this theorem for n = 4. In Sect. 4 we will use inductive arguments to generalize the result for n > 4. Since Theorem 1 describes an example π * n−4 O of a minimal blocking set of size 3 n + 3 n−3 , we may assume that the smallest minimal blocking sets of Q + (2n + 1, 3) have size smaller than or equal to 3 n + 3 n−3 . We will also use the following result.
Theorem 2 [9]
If O is an ovoid of Q + (7, 3) then O is a hyperplane α of PG(7, 3) and O constitutes also an ovoid of α ∩ Q + (7, 3) = Q(6, 3).
Using the classification of ovoids of Q(4, p), p prime [1], similar results for small minimal blocking sets of Q(2n, p), p > 3 prime, n ≥ 3, were obtained in [4] , while results on small minimal blocking sets of Q(2n, 3) were obtained in [6, 7] . General results on small minimal blocking sets of Q(6, q), q ≥ 32, q even, were obtained in [5] . More general results on small minimal blocking sets of Q − (2n + 1, q), n ≥ 2, and W(2n + 1, q), n ≥ 2, were obtained in [10, 11] .
In Sect. 2 we will recall basic geometrical properties of ovoids of Q(6, q) that will be used in Sect. 3 Finally we define two notations. An i-dimensional subspace of PG(2n + 1, q) will often be denoted by π i , and we define θ n := (q n+1 − 1)/(q − 1), i.e. the number of points in an n-dimensional projective space of order q.
On ovoids of Q(6, q)
We mention that ovoids of Q(6, q) are rare. Presently, ovoids of Q(6, q) are only known when q ≡ 0 mod 3. Furthermore, all ovoids of Q(4, p), p prime, are elliptic quadrics Q − (3, p) [1] , which is a sufficient condition for the non-existence of ovoids of Q(6, p), p > 3 prime [12] . Finally we mention that Q(6, 3) has, up to collineations, a unique ovoid [9] .
For our purposes, the following theorem is an important result on ovoids. Let Q(6, q) denote the non-singular parabolic quadric of PG(6, q), q = p h , p prime. Call a hyperplane α of PG(6, q) elliptic, hyperbolic or tangent respectively if α ∩ Q(6, q) = Q − (5, q), Q + (5, q) , or tangent to Q(6, q).
